The convergence of a family of integral operators (inLpspace) with a positive kernel  by Kirci Serenbay, Sevilay et al.
Journal of Computational and Applied Mathematics 235 (2011) 4567–4575
Contents lists available at ScienceDirect
Journal of Computational and Applied
Mathematics
journal homepage: www.elsevier.com/locate/cam
The convergence of a family of integral operators (in Lp space)with a
positive kernel
Sevilay Kirci Serenbay a,∗, Mine Menekşe Yilmaz b, Ertan İbikli c
a Baskent University, Department of Mathematics Education, 06530 Ankara, Turkey
b Gaziantep University, Department of Mathematics, 06100, Gaziantep, Turkey
c Ankara University, Department of Mathematics, 06100, Ankara, Turkey
a r t i c l e i n f o
Article history:
Received 16 October 2009
Received in revised form 16 March 2010
MSC:
41A35
41A25
41A36
Keywords:
Family of integral operators
Positive kernel
Modulus of continuity
Convergence of a family of integral
operators
a b s t r a c t
The aim of this study is to investigate the convergence of a family of integral operators with
a positive kernel in Lp (−∞,∞) (1 < p <∞) space generalized as
Lλ (f , x) =
∫ ∞
−∞
∞−
k=1
Pk,λf

x+ αk,λt

Kλ (t) dt
within these integral operators,Λ ⊂ R is an index set, for ∀λ ∈ Λ, λ ≥ 0, Pk,λ and αk,λ are
real numbers and
∞−
k=1
Pk,λ ≤ M <∞,
whereM is independent of λ and for ∀λ ∈ Λ,
∞−
k=1
Pk,λ = 1 and sup
k,λ

αk,λ
 = α∗ <∞.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
The family of the integral operators with the positive kernel,
Lλ(f , x) =
∫ ∞
−∞
∞−
k=1
Pk,λf

x+ αk,λt

Kλ(t)dt (1)
had been handled and asymptotic behaviour in the class of derivative functions had been investigated in [1] and (for
example [2–4]) special forms of (1) are studied by using modulus of continuity such as
ωp(f , δ) = sup|t|≤δ
∫ ∞
−∞
|f (x+ t)− f (x)|p dx
 1
p
.
This modulus of continuity is not so beneficial to be used to estimate convergence with the help of the family of the integral
operators with positive kernel (1). Because it is a series which is under integral sign in this operator, it is too difficult to
displace the integral sign with summation sign.
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For this reason a more useful function ω∗Lp(f , δ) has been defined as the following;
ω∗Lp(f , δ) = sup|αk,λt|≤δ
∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
dx
 1
p
.
This function ω∗Lp(f , δ) defines a modulus of continuity in Lp(−∞,∞).
In this study, using the new modulus of continuity, ω∗Lp(f , δ), the convergence of the family of the integral operators (1)
to the function f in the norm of Lp(−∞,∞) (1 < p <∞) has been investigated.
In the family of integral operators (1) which we have investigated, if λ parameter, Pk,λ and αk,λ numbers are chosen
properly, a great number of well-known operators can be obtained (see, [5,1,6]). For example, if
Pk,λ =

1, k = 1
0, k = 2, 3, . . . , and αk,λ =

1, k = 1
0, k = 2, 3, . . . ,
is taken particularly and if we select Kλ(t) = λ√π e−λ
2t2 satisfying the condition
∞
−∞ Kλ(t)dt = 1 then
Lλ(f , x) =
∫ ∞
−∞
f (x+ t) λ√
π
e−λ
2t2dt.
Gauss–Weierstrass family of the integral operators is obtained. And some different examples can be found [7]. This family
of the integral operators that transform from Lp-space into Lp-space converges to the function f in the norm of Lp(−∞,∞).
2. Convergence in Lp(−∞,∞) space
Lemma. If f ∈ Lp(−∞,∞) then the function which is defined the following series
∞−
k=1
Pk,λf

x+ αk,λt

belongs to Lp(−∞,∞) space.
Proof. Let ϕ be the function satisfying the inequality
|f (x)| < ϕ(x), ϕ ∈ Lp.
It is obvious that, ∞−
k=1
Pk,λf

x+ αk,λt
 ≤ ∞−
k=1
Pk,λf x+ αk,λt
≤ ϕ(x)
∞−
k=1
Pk,λ
 f

x+ αk,λt

ϕ

x+ αk,λt
 
ϕ x+ αk,λt
ϕ(x)
≤ Mϕ(x)µ α∗t
where α∗ = supk,λ

αk,λ

<∞ and∑∞k=1 Pk,λ ≤ M <∞.
Therefore the series
∑∞
k=1 Pk,λf

x+ αk,λt

is convergent for each t ∈ R. Here,
µ(t) = sup
−∞<x<∞
|y|≤t
ϕ (x+ y)
ϕ (x)
<∞.
Additionally, due to the fact that for f ∈ Lp (−∞,∞)∫ ∞
−∞
 ∞−
k=1
Pk,λf

x+ αk,λt

p
dx ≤
∫ ∞
−∞
Mϕ (x) µ α∗tp du
≤ Mµ α∗t ∫ ∞
−∞
|ϕ(x)|p dx
= Mµ α∗t ‖ϕ‖pLp .
Hence the function
∑∞
k=1 Pk,λf

x+ αk,λt

belongs to Lp (−∞,∞) space. 
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2.1. The properties of the ω∗Lp(f , δ)
Luzin’s theorems from which we will benefit to prove our theorem is as follows,
Theorem A (Luzin’s Theorem). If f ∈ Lp [a, b], then a continuous ϕ function is obtained according to each ε > 0 number by
getting the following;
‖f − ϕ‖Lp[a,b] < ε
(see [8]).
Now, first of all, it is clear that function ω∗Lp(f , δ) is a positive and monotone increasing function with respect to δ. And
some certain basic properties of this modulus of continuity, ω∗Lp(f , δ), can be given following,
Theorem 2.1.1. (a)
lim
δ→0ω
∗
Lp (f , δ) = 0.
(b) Let m ∈ N,
ω∗Lp(f ,mδ) ≤ mω∗Lp(f , δ).
(c) Where λ > 0 is an arbitrary real number,
ω∗Lp (f , λδ) ≤ (1+ λ)ω∗Lp(f , δ).
Proof. (a) If f ∈ Lp then for each t ∈ R ∞−
k=1
Pk,λf

x+ αk,λt

p
∈ L1 (−∞,∞) .
Because of the fact that f and
∑∞
k=1 Pk,λf

x+ αk,λt

functions belong to space Lp(−∞,∞), for ∀ε > 0, and any δ > 0, there
exists a real number a that will give the inequalities shown below as follows;∫ −a−δ
−∞
 ∞−
k=1
Pk,λf

x+ αk,λt

p
dx
 1
p
+
∫ ∞
a+δ
 ∞−
k=1
Pk,λf

x+ αk,λt

p
dx
 1
p
<
ε
2
.
We can write these inequalities as follows∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
dx
 1
p
=
∫ −a−δ
−∞
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
dx
+
∫ a+δ
−a−δ
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
dx
+
∫ ∞
a+δ
 ∞−
k=1
pk,λ

f

x+ αk,λt
− f (x)
p
dx
 1
p
.
If p > 1 then else 1p < 1. Hence, for
1
p = r
0 < r < 1, (|a| + |b| + |c|)r ≤ |a|r + |b|r + |c|r .
Therefore the integrals in above equation are positive and finite.∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
dx
 1
p
≤
∫ −a−δ
−∞
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
dx
 1
p
+
∫ a+δ
−a−δ
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
dx
 1
p
+
∫ ∞
a+δ
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
dx
 1
p
.
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When supremum of both sides is taken according to
αk,λt ≤ α∗t ≤ δ, then
ωLp(f , δ) = sup|αk,λt|≤δ
∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
dx
 1
p
≤ sup
|αk,λt|≤δ
∫ −a−δ
−∞
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
dx
 1
p
+ sup
|αk,λt|≤δ
∫ a+δ
−a−δ
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
dx
 1
p
+ sup
|αk,λt|≤δ
∫ ∞
a+δ
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
dx
 1
p
= I1(t)+ I2(t)+ I3(t)
then the proof is completed if we can show that
sup
|αk,λt| ≤δ
∫ a+δ
−a−δ
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
dx
 1
p
< ε. (2)
It has been known by Luzin’s theorem that for an arbitrary number a, there exists a continuous function Ψ such that
‖f − Ψ ‖Lp < ε
in the interval [−a− 2δ, a+ 2δ]. Due to fact that∑∞k=1 Pk,λ = 1∫ a+2δ
−a−2δ
 ∞−
k=1
Pk,λ [f (x)− Φ (x)]

p
dx
 1
p
< ε.
Let us take I2(t) integral and denoting
Θ (x, t) := f x+ αk,λt+ Φ x+ αk,λt− Φ x+ αk,λt+ Φ(x)− Φ(x)− f (x)
I2(t) = sup|αk,λt|≤δ
∫ a+δ
−a−δ
 ∞−
k=1
Pk,λΘ (x, t)

p
dx
 1
p
then, it can be separated into three integrals as follows;
≤ sup
|αk,λt|≤δ
∫ a+δ
−a−δ
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− Φ x+ αk,λt
+
 ∞−
k=1
Pk,λ

Φ

x+ αk,λt
− Φ(x)
+
 ∞−
k=1
Pk,λ (f (x)− Φ(x))

p
dx
 1
p
= sup
|αk,λt|≤δ
∫ a+δ
−a−δ
(|I21 (t)| + |I22(t)| + |I23(t)|)p dx
 1
p
≤ sup
|αk,λt|≤δ
∫ a+δ
−a−δ

2p |I21(t)|p + 22p |I22 (t)|p + 22p |I23(t)|p

dx
 1
p
.
Let us investigate each integral one by one. First, take I21 (t) integral,
I21(t) =
∞−
k=1
Pk,λ

f

x+ αk,λt
− Φ x+ αk,λt 2p sup|αk,λt|≤δ
∫ a+δ
−a−δ
|I21(t)|P dx
= 2p sup
|αk,λt|≤δ
∫ a+δ
−a−δ
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− Φ x+ αk,λt

p
dx
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≤ 2p
∫ a+2δ
−a−2δ
 ∞−
k=1
Pk,λ (f (x)− Φ (x))

p
dx
< 2pεp.
By following similar ways for I23(t)
2p
∫ a+δ
−a−δ
|I23(t)|P dx < 2pεp
and similar ways for I22(t)
22p
∫ a+δ
−a−δ
|I22(t)|P dx = 22p
∫ a+δ
−a−δ
 ∞−
k=1
Pk,λ

ϕ

x+ αk,λt
− ϕ(x)
p
dx
≤ 22p
∫ a+δ
−a−δ
 ∞−
k=1
Pk,λε

p
dx
≤ 22pεp (2a+ 2δ)
and consequently
I2(t) ≤ sup|αk,λt|≤δ
∫ a+δ
−a−δ
(|I21| + |I22| + |I23|)p dx
 1
p
≤ sup
|αk,λt|≤δ

2p+1εp + 22p+1εp (2a+ 2δ) 1p .
If taking limit for δ → 0, the following is obtained.
lim
δ→0
|I2(t)| < ε2 .
Hence the proof is completed for (a).
The proof of (b) and (c) can be easily obtained. 
2.2. Convergence
We are going to prove the family of integral operators with the positive kernel,
Lλ(f , x) =
∫ ∞
−∞
∞−
k=1
Pk,λf

x+ αk,λt

Kλ(t)dt
converges to the function f ∈ Lp(−∞,∞) in the norm of Lp(−∞,∞).
Theorem 2.2.1. For each function f ∈ Lp(−∞,∞) (1 < p <∞) satisfying the following inequality
|f (x)| < ϕ(x), ϕ ∈ Lp(−∞,∞)
and for ∀δ > 0,
lim
λ→∞
∫ ∞
δ
µ

α∗t

Kλ(t)dt = 0, lim
λ→∞
∫ ∞
δ
Kλ(t)dt = 0
and when Kλ(t) is a non-negative even function satisfying the condition,
∞
−∞ Kλ(t)dt = 1 then for λ→∞,
‖Lλf − f ‖Lp → 0.
Proof. Owing to the fact that
∞
−∞ Kλ(t)dt = 1, it comes as follows f (x)
∞
−∞ Kλ(t)dt = f (x) then
Lλ(f , x)− f (x) =
∫ ∞
−∞
∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x) Kλ(t)dt.
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If we pass to the norm of Lp(−∞,∞) on both sides, it can be written as follows
‖Lλf − f ‖Lp =
∫ ∞
−∞

∫ ∞
−∞
∞−
k=1
Pk,λ

f

x+ αk,λt
+ f x− αk,λt− 2f (x) Kλ(t)dt

p
dx
 1
p
≤
∫ ∞
−∞
∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x+αk,λt
− 2f (x)
p
dx
 1
p
Kλ(t)dt. (3)
Because of the fact that
∑∞
k=1 Pk,λf

x+ αk,λt

the series converge, we can write the following summations
 ∞−
k=1
Pk,λf

x+ αk,λt
  
a
+
 ∞−
k=1
Pk,λf

x− αk,λt
  
b
+ 2 |f (x)|  
2c

p
then, for 1 < p <∞
(a+ b+ 2c)p ≤ 2p (a+ b)p + 2pcp
≤ 2p 2p ap + bp+ 2pcp
= 22p ap + bp + cp .
a, b and c valuations are going to write their location in (3)
22p
 ∞−
k=1
Pk,λf

x+ αk,λt

p
+
 ∞−
k=1
Pk,λf

x+ αk,λt

p
+ |f (x)|p

.
Now, let us write outer integral in (3) as the sum of two integrals on [0, δ] and [δ,∞).
‖Lλf − f ‖Lp ≤
∫ δ
0
∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x+ αk,λt
+ f x− αk,λt− 2f (x)

p
dx
 1
p
Kλ(t)dt
+
∫ ∞
δ
∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x+ αk,λt
+ f x− αk,λt− 2f (x)

p
dx
 1
p
Kλ(t)dt.
We can denote
I1(t) :=
∫ δ
0
∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x+ αk,λt
+ f x− αk,λt− 2f (x)

p
dx
 1
p
Kλ(t)dt
and
I2(t) :=
∫ ∞
δ
∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x+ αk,λt
+ f x− αk,λt− 2f (x)

p
dx
 1
p
Kλ(t)dt.
Let us take I1(t) integral
I1(t) =
∫ δ
0

∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x+ αk,λt
+ f x− αk,λt− 2f (x)

p
  
I11
dx

1
p
Kλ(t)dt
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and then investigating I11,
I11 =
 ∞−
k=1
Pk,λ

f

x+ αk,λt
+ f x− αk,λt− 2f (x)

p
=
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)+ ∞−
k=1
Pk,λ

f

x− αk,λt
− f (x)
p
≤ 2p
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
+
 ∞−
k=1
Pk,λ

f

x− αk,λt
− f (x)
p
.
On account of this
I1(t) ≤
∫ δ
0
∫ ∞
−∞
2p
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
+
 ∞−
k=1
Pk,λ

f

x− αk,λt
− f (x)
p
dx
 1
p
Kλ(t)dt
= 2
∫ δ
0
∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
dx+
∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x− αk,λt
− f (x)
p
dx
 1
p
Kλ(t)dt
from Minkowski inequality
≤ 2
∫ δ
0
∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
dx
 1
p
Kλ(t)dt
+ 2
∫ δ
0
∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x− αk,λt
− f (x)
p
dx
 1
p
Kλ(t)dt
≤ 2
∫ δ
0
 sup
|αk,λt|≤δ
∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x+ αk,λt
− f (x)
p
dx
 1
p
+ sup
|αk,λt|≤δ
∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x− αk,λt
− f (x)
p
dx
 1
p
 Kλ(t)dt
≤ 2ωLp(f , δ)
∫ δ
0
Kλ(t)dt,
since
∞
−∞ Kλ(t)dt = 1, we get
I1(t) ≤ 2ωLp(f , δ)
first taking limit for λ→∞ at above inequality, we have
lim
λ→∞ I1(t) ≤ 2ωLp(f , δ)
and then take limit for δ → 0
lim
λ→∞ I1(t) ≤ limδ→0 2ωLp(f , δ)
then the following is obtained
lim
δ→0ωLp(f , δ) = 0
hence
lim
λ→∞ I1(t) = 0.
4574 S. Kirci Serenbay et al. / Journal of Computational and Applied Mathematics 235 (2011) 4567–4575
Let us take I2(t) integral.
I2(t) =
∫ ∞
δ
∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x+ αk,λt
+ f x− αk,λt− 2f (x)

p
dx
 1
p
Kλ(t)dt
≤
∫ ∞
δ
∫ ∞
−∞
22p
 ∞−
k=1
Pk,λf

x+ αk,λt

p
+
 ∞−
k=1
Pk,λf

x− αk,λt

p
+ |f (x)|p

dx
 1
p
Kλ(t)dt
≤ 4
∫ ∞
δ
∫ ∞
−∞
 ∞−
k=1
Pk,λf

x+αk,λt

p
dx
 1
p
+ ‖f ‖p
 Kλ(t)dt.
Denoting
I21 :=
∫ ∞
−∞
 ∞−
k=1
Pk,λf

x+αk,λt

p
dx
 1
p
.
Let us investigate I21.
|I21|p ≤
∫ ∞
−∞
 ∞−
k=1
Pk,λ

f

x+ αk,λt
+ f x− αk,λt

p
dx
≤ 22p
∫ ∞
−∞
 ∞−
k=1
Pk,λf

x+ αk,λt

p
+
 ∞−
k=1
Pk,λf

x− αk,λt

p
dx
≤ 22p
∫ ∞
−∞
 ∞−
k=1
Pk,λ
f

x+ αk,λt

ϕ

x+ αk,λt
 ϕ x+ αk,λt
ϕ(x)
ϕ(x)

p
dx
+ 22p
∫ ∞
−∞
 ∞−
k=1
Pk,λ
f

x− αk,λt

ϕ

x− αk,λt
 ϕ x− αk,λt
ϕ(x)
ϕ(x)

p
dx
≤ 22p+1
∫ ∞
−∞
 ∞−
k=1
Pk,λµ

α∗t

ϕ(x)

p
dx
≤ 22p+1µ α∗tp ∫ ∞
−∞
 ∞−
k=1
Pk,λϕ(x)

p
dx
≤ 22p+1µ α∗tp ‖ϕ‖pLp
|I21| ≤

22p+1µ

α∗t
p ‖ϕ‖pLp 1p
= 2 1p 4µ α∗t ‖ϕ‖Lp
using this inequality in the integral I2(t)we have the following,
I2(t) ≤ 4
∫ ∞
δ

2
1
p 4µ

α∗t
 ‖ϕ‖pLp + ‖f ‖Lp Kλ (t) dt
≤ 2 1p+4 ‖ϕ‖Lp
∫ ∞
δ
µ

α∗t

Kλ(t)dt + 4 ‖f ‖Lp
∫ ∞
δ
Kλ(t)dt
lim
λ→∞
∫ ∞
δ
µ

α∗t

Kλ(t)dt = 0.
For λ→∞, taking limits of both sides of the above inequality,
lim
λ→∞ I2(t) = 0
is obtained. By using similar methods,
lim
λ→∞ I3(t) = 0.
Hence, for λ→∞
‖Lλf − f ‖Lp → 0
the proof is completed. 
S. Kirci Serenbay et al. / Journal of Computational and Applied Mathematics 235 (2011) 4567–4575 4575
Acknowledgements
The authors are grateful to the editor and referees for their useful remarks.
References
[1] A.D. Gadjiev, A.S. Djafarov, L.G. Labsker, On asymptotic value of approximation of functions by some family of linear operators, Trans. Natl. Acad. Sci.
Azerb. Ser. Phys.-Tech. Math. Sci. (3) (1962).
[2] E. Ibikli, E.A. Gadjieva, The order of approximation of some unbounded functions by the sequences of positive linear operators, Turkish J. Math. 19 (3)
(1995) 331–337.
[3] E. Ibikli, On approximation of Lp locally integrable functions by the sequences of linear positive operators, Dokl. Nats. Akad. Nauk Azerb. 59 (2003).
[4] E. Ibikli, On approximation for functions of two variables on a triangular domain, Rocky Mountain J. Math. 35 (2005) 1523–1531.
[5] P.L. Butzer, R.J. Nessel, Fourier Analysis and Approximation, Academic Press, New York, London, 1971.
[6] I.P. Natanson, Theory of Functions of a Real Variable (Leo F. Boron, Trans.), Frederic Ungar Pub. Co., New York, 1964 (in Russian).
[7] E. Stein, G. Weiss, Introduction to Fourier Analysis on Euclidean Space, Princeton, New Jersey, 1971.
[8] I. Rana, An Introduction to Measure and Integration, in: Graduate Studies in Mathematics, vol. 45, AMS, (ISSN: 1065-7339), 1997.
